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Introduction

Definition A bounded linear operator T: X — Y between Banach spaces is said
to be semi-Fredholm if T(X) is closed in Y and at least one of the subspaces
ker T, Y/ T(X) is finite-dimensional. Then the index of T is given by

ind(T) :=dim(ker T) —dim(Y/T(X)).
If ind(T) is finite, T is called a Fredholm operator.
Properties of Fredholm operators:

e If T: X — Y is a Fredholm operator, then there exist a closed vector
subspaces V' of X and a finite dimensional subspace W of Y such that

X=ker TOV and Y=T(X)a W.

In particular, the surjective operator T|y: V — T(X) is an isomorphism.

o If T: X — Y is a Fredholm operator, then T*: Y* — X* is also a Fredholm

operator and
ind(T*) +ind(T)=0.
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Introduction

o If T: X— Y and S: Y — Z are Fredholm operators, then ST: X — Z is
also a Fredholm operator with

ind(ST) = ind(T) + ind(S) .

e IfdimX =o0cand T: X — Y is a Fredholm operator and S: X — Y is
a strictly singular operator, then T + S is a Fredholm operator with

ind(T +S) =ind(T).

e If X is a Banach space and S: X — X is a strictly singular (in particular
a compact) operator, then Ix — AS is a Fredholm operator for every A and

ind(Ix — AS) =0.

M. Mastyto (UAM) [Stability of the inverses and Fredholm properties of int 5/ 34



Introduction

Theorem [Atkinson (1951)] For an operator T: X — Y between Banach spaces
the following statements are equivalent:

(i) T is Fredholm operator;

(ii) There exist finite rank operators K;: X — X and K»: Y — Y and an
operator S: Y — X such that

ST:/)(—Kl and T5:Iy—K2.
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Introduction

Remarks (The Fredholm Alternative) If X is a Banach space and K: X — X
is a compact operator, then for every A # 0 exactly one of the following two
exclusive statements is true:

(i) For every y € X the equation x — AKx = y has a unique solution;

(ii) The equation x — AKx = 0 has a non-trivial solution.

When (ii) is true, the equation x — AKx = 0 has a finite number of linearly
independent solutions.

Theorem Every Fredholm operator T: X — Y between Banach spaces has
a pseudoinverse which is also Fredholm operator, i.e., such an operator
S: Y — X satisfying:

TST=T.

In particular this yields that the equation Tx = y has a solution if and only
if Sy is a solution of this equation.
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Introduction

Introduction

e A mapping F: B — B from the category B of all couples of Banach spaces
into the category B of all Banach spaces is said to be an interpolation functor
if, for any couple X := (Xo. X1), the Banach space F(Xo, X1) is intermediate
with respect to X (i.e., XoN X1 C F(Xo, X1) C Xo + X1), and

T|F(X0,X1): F(Xo,Xl) — F(Yo, Yl) for all T: (Xo,Xl) — (Yo, Yl);

o T:(Xo,X1) — (Yo, Y1) means that T: Xo + X; — Yy + Y1 is a linear
operator such that the restrictions of T to the space X is a bounded
operator from X; to Y}, for both j =0 and j = 1.

e An interpolation method F is said to be regular if for every Banach couple
(Xo, X1) the intersection Xo N X is dense in F(Xp, X1).
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Introduction

e The real method For 8 € (0,1) and g € [1,00], (X0, X1)g,q is defined as the
Banach space of all x € Xy + X; equipped with the norm

o g dt\Y9
Iloa= ([ [oK(ex 207 F)

where

K(t,x; X) = inf{[|x0llx, + t]lxtllx; x = x0 +x}, t>0.

e Forall  €(0,1) and g € [1,00), F := (- )s,q is a regular interpolation
functor.
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Introduction

e The complex method Let S:= {z € C; 0 < Rez < 1} be an open strip on
the plane. For a given 6 € (0,1) and any couple X = (Xo, X1) we denote by
F(X) the Banach space of all bounded continuous functions f: 5 — Xo + X3
on the closure S that are analytic on S, and

Rot—=f(j+it)eX;, j=0,1

is a bounded continuous function, and equipped with the norm

175y = mx { sup (i), sup IFC1-+ )] .
teR teR

The Calderén (lower) complex interpolation space [X]y := {£(0); f € F(X)}
and is equipped with the norm:

Ixllo = inf {IIFll 1 zy: x = FO)}-
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Theorem
[I. Ya. Shneiberg (1974)] If T: (Xo, X1) — (Y0, Y1) is such that

T: [Xo, Xi]o. — [Yo, Yilo.

is invertible (resp., Fredholm) for some 0.. € (0, 1), then there exists € > 0 such
that

T: [X07X1]9 — [Yo, Yl]g

is invertible (resp., Fredholm) and the index is constant for all 6 € (0. — ¢, 6, +¢).

o
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The majorization property for interpolation functors

The majorization property for interpolation functors

An operator T: (Ao, A1) — (Bo, B1) between Banach couples is said to be
invertible whenever the restriction T4 : A; — B; is invertible (i.e., T is an
isomorphism of A; onto B;) for both j =0 and j = 1.

Lemma

Let (Ao, A1) and (By, B1) be Banach couples and let T: (Ao, A1) — (Bo, B1)
be an invertible operator. Then, the following conditions are equivalent:

(i) (Tla) " tb=(Tla,) b, be ByNnBy;

(ii) T: Ao+ A1 — By + By is invertible;

(iii) For every interpolation functor F,

T|F(Ao, A1) F(Ao, A1) — F(Bo, B1) is invertible.
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The majorization property for interpolation functors

e Remark Let X = (Xp, X1) be a complex couple and T: (Xo, X1) — (Xo, X1)
be an operator. f 0 < a < <1land T, = T‘P?]a and Ty := T\[;q{ﬁ are
invertible, then the inverses 7! and TH_1 do not coincide on Xp N Xj in
general. ‘

o Example The dilatation operator D, (a > 0, a # 1) given by D,f(t) = f(at),
t > 0 is bounded on LP = LP(R,) for every 1 < p < oo and

o(Ds, LP) = {N € C; |\ = a~/P}.

If [\ =a /P py < p<pi,then T =X\ —D,: (LP, LPr) — (LP, LPt) is
invertible. Since
LPO = [Llﬂ LOO]OM LPl = [L17 Loo]ﬁ

with a =1—1/pg and 5 =1—1/py, it follows that T is not invertible on
LP = [LP, [Pt]g, where 1/p = (1—6)/po+6/p1.
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The majorization property for interpolation functors

Let F and G be interpolation functors. We have introduced the following key

definitions:

e G is said to be majorized by F for invertibility if, for any Banach couples
(X0, X1), (Yo, Y1) and any operator T: (Xp, X1) — (Yo, Y1), invertibility
of the operator T|r(x, x,): F(Xo, X1) = F(Y0, Y1) implies invertibility of

T|G(X0,X1): G(Xo,Xl) — G(Yo, Yl) .
e G is said to be majorized by F for the Fredholmness property if, for any
Banach couples (Xp, X1), (Yo, Y1) and any operator T: (Xp, X1) — (Yo, Y1)

the Fredholmness of the operator T|g(x, x,): F(Xo,X1) = F(Yo, Y1) implies
the Fredholmness of

T|G(X0,X1): G(Xo,Xl) — G(Yo, Yl)
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The majorization property for interpolation functors

Theorem

[I. Asekritova, N. Kruglyak and M. M.] Suppose that the functor G is majorized
by the regular functor F for invertibility. Then, for any regular Banach couples
(X0, X1), (Yo, Y1) and any operator T : (Xp, X1) — (Yo, Y1), the Fredholmness of
the operator T: F(Xy, X1) = F(Yo, Y1) implies the Fredholmness of the operator
T: G(Xo, X1) = G(Yo, Y1) with equality of indices:

ind(Tl6(x.x)) = Ind(T|F(x0,x,))-

The above theorem in combination with our other results gives the following:

Theorem

The real interpolation functors

Kog(+):=(")og

are majorized by the functor Cy(-) :=[-]¢ for the Fredholmness property.
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The majorization property for interpolation functors

Theorem

Let T: (Xo,X1) = (Yo, Y1) be an operator between couples of complex Banach
spaces. If T: [Xo, Xilo. — [Yo, Yile, is invertible for some 0. € (0,1), then

T: (X0, X1)o.,q = (Yo, Y1)o. q

is invertible for all g € [1, oc].

Theorem

If T:(Xo,X1) = (Yo, Y1) is such that T: [Xo, X1]o, — [Y0, Yilo, is Fredholm
then for all 1 < q < oo the operator

T: (Xo0,X1)0.,q = (Yo, Y1)o..q
is Fredholm and index is the same

lIld( T|(X0,X1)g* 7q) = 1nd( T|[X0,X1]9* )
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The uniqueness of inverses on intersection of interpolated Banach spaces

The uniqueness of inverses on intersection of
interpolated Banach spaces

o A.P. Calderdn (1983) If (2, %, i) is @ measure space and T: LP(u) — LP(u)
is a bounded operator for 1 < p < oo, which is invertible for p =2, then T
is also invertible when 2 — ¢ < p < 2 + ¢, for some small € > 0.

o A careful analysis of Calderén's proofs gives the compatibility of inverses,
i.e., there exists some small € > 0 such that for all p,qg € (2 —¢,2+¢),
the inverse T—! considered on the space LP(u) is compatible with 7!
considered on L9(p) when both operators are restricted to LP(u) N L9(p).

e J. Pipher and G. Verchota (1992) shown a useful application of Claderén’s
result for solvability of the Dirichlet problem in a bounded Lipschitz domain
Q C R" with data in LP(0Q):

Au=0 in Q with u=f and Ju/On= g on Q.
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The uniqueness of inverses on intersection of interpolated Banach spaces

Theorem

[E. Albrecht and V. Miiller (2001)] Let (Xo, X1) be a complex Banach couple,

T: (Xo, X1) — (Xo, X1) and let Ty := T|ix,,x,), for all 6 € (0,1). Suppose that,
for some « € (0,1)

To: [Xo, Xi]la = [Xo, Xi]la s is invertible.

Then there exists a neighbourhood U C (0,1) of « such that Ty is invertible and
the inverse operators T, " and T, ' agree on Xo N X for all § € U, that is,

T, x) =T x), x€XonX.
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The uniqueness of inverses on intersection of interpolated Banach spaces

The result mentioned above was the main motivation for us to introduce the
following:

Definition A family {Fy}gc(0.1) of interpolation functors is said to be stable if
for any Banach couples A = (Ag, A;) and B = (By, By) and for every operator
S: A — B such that the restriction S5, of S to Fy, (A) is invertible for some
0. € (0,1), there exists £ > 0 such that, for any 6 € /(0..) = (0. —£,0. + ¢),
we have

(i) So: Fi (_’) — Fg(g) is invertible operator;

(i) St (B) — Fy(A) agrees with 5 Fo.(B) — Fg.(A) on ByN By, ie.,
S, y75 ly for all y € By N By;
(iii) supgey( 1|\F9 Bk () S ClISy, 1||F9 B)sF,. (4) for some C = C(6.).
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Intervals of invertibility of interpolated operators

e Remark Let {Fy}gc(o,1) be a stable family of interpolation functors and
let T: (Xo,X1) — (Yo, Y1). Then the set of all § € (0,1) for which

T: Fg(Xo,Xl) — F@(YO7 Yl)

is invertible, is open, so it is a union of open disjoint intervals. These
intervals we will call intervals of invertibility of T with respect to the

family {Fo}oc(o,1)-

e Question Let / C (0,1) be any interval of invertibility of T. Is it true
that for any 6, 6’ € I the inverses Ta_l and Ta_'l agree on

Fo(Yo, Y1) N For (Yo, Y1)?
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The uniqueness of inverses on intersection of interpolated Banach spaces

The above Question was the main motivation to give the following:

Definition A family of interpolation functors {Fy}gc(o,1) satisfies the (A)-condition
if for any Banach couple A= (Ao, A1) and for any 6y, 61
with 0 < 6y < 61 < 1, we have continuous inclusions

Foo(A) N Fo,(A) = Doyco<a, (Fo(A)) = Foo(A)° N oy (A)°,
where Ag,—g-9,(Fs(A)) is a Banach space equipped with the norm

18l A, oy (FatRy) = 00?;201 lallg, ) -

and the Gagliardo completions Fy,(A)° and Fy, (A)¢ are both taken with respect
to the interpolation sum Fy,(A) + Fy,(A).
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The uniqueness of inverses on intersection of interpolated Banach spaces

Recall that a family of interpolation functors {Fg}gc(o,1) satisfies the reiteration
condition if for any Banach couple A = (Ao, A;) and for any 6y, 61, A € (0,1),
we have

F)\(Feo(’z)a F01(’Z)) = F(1—>\)90+)\91(’a)'

Theorem

[I. Asekritova, N. Kruglyak and M. M.] Let T: (Xo, X1) — (Yo, Y1) and let

I € (0,1) be an interval of invertibility of T with respect to the stable family of
interpolation functors {Fy}yc(0,1). Assume that {Fg}gc(o,1) Satisfy both the (A)
and the reiteration condition. Then for any 6o, 01 € |, the inverse operators T, 1
and T‘;ll agree on Fgo(\_;) NFy(Y), ie.,

T ) = To(y), v € Foo(Y) N Fo (V).
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Application for classical interpolation methods

Application for classical interpolation methods

Based on general our results, we obtain the following applications:

Theorem

Let1< g <ooandlet T: (Xo,X1) = (Yo, Y1) and let | C (0,1) be an interval
of invertibility of T with respect to the family {(-)o,q}0c(0,1) of real interpolation
functors. Then for any 6y, 61 € I,

T, ) =T, '), y€ (Yo, Y1)a0.q N (Yo, Y1)br.q-

Theorem

[N. Kalton, S. Mayboroda and M. Mitrea (2007)] Let T: (Xo, X1) — (Yo, Y1) be
an operator between couples of complex Banach spaces and let | C (0,1) be an

interval of invertibility of T with respect to the family {[-]o}oc(0,1)- Then for any
0o, 61 € 1,

To () =T ' (y), v € [Yo, Yala, N [Yo, Yilo,-
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Application for classical interpolation methods

Let (Xo, X1) be a Banach couple of complex Banach function lattices on a o-finite
measure space (2, T, 11). The Calderén product X3 X{ (0 < 6 < 1) is defined to
be the space of all f € L%(u) such that

I <ARIMOAL, p—ae.

for some A > 0 and f; € X; with ||f||x; <1, j = 0,1. The Calderén product is
a Banach function Iattlce on (2, X, 1) equipped with the norm

Il =

<A PIAL%, fo € Bxy, x1 € Bx, }-

Theorem

Let (Xo, X1), Y = (Yo, Y1) be couples of Banach lattices with the Fatou property.
Assume that T: (Xo, X1) — (Yo, Y1) is such that T: Xy~ X — v =% vl is
an invertible operator for some 0, € (0,1). Then there exists § > 0 such that

T:X3X) — vy oYY

is an invertible operator whenever |0 — 0.,.| < ¢.
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Appendix

Stability of Fredholm properties on interpolation
scales of Banach spaces

Definitions [following M. Cwikel, N. Kalton, M. Milman and R. Rochberg (2002)]

e Let Ban be the class of all Banach spaces over the complex field. A mapping
X: Ban — Ban is called a pseudolattice, or a pseudo-Z-lattice, if
(i) for every B € Ban the space X'(B) consists of B valued sequences
{bn} = {bn}nez modelled on Z;
(ii) whenever A is a closed subspace of B it follows that X'(A) is a closed
subspace of X(B);
(iii) there exists a positive constant C = C(X) such that, for all A, B € Ban
and all bounded linear operators T: A — B and every sequence
{an} € X(A), the sequence {Ta,} € X(B) and satisfies the estimate

{Tan}lx8) < ClI Tllassll{antxa:
(iv)
1bmll8 < [[{bn}lx(8)

for each m S ZI all ibn} € X(B) and all Banach spaces B.
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e For every Banach couple B= (Bo, B1) and every Banach couple of
pseudolattices X = (X,, A1), let (X, B) be the Banach space of all
By N B valued sequences {b,} such that {&/"b,} € X;(B;) (j =0, 1),
equipped with the norm.

1£bn}ll 72,5 = max {I1{bn} | x(80): [1{€"bn} |2, (81) }-

e For every s in the annulus A := {z € C; 1 < |z| < e}, we define the
Banach space B ; | to consist of all elements of the form b = > nez S"bn

(convergence in By + By with {b,} € (X, B), equipped with the norm

61, =t {IerHl 1 &= 3% .

n€Z

It is easy to check that the map B s é)?.s is an interpolation functor.
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e A couple X = (Xo, X1) of Banach pseudolattices, is said to be translation
invariant if for any Banach space B,

1S ({bn}ncz } | gy = I {bn}nczl (s

for all {bn}nez € Xj(B), each k € Z and j € {0,1}, where is the left-shift
operator defined by S{b,} = {bn11}.

o« X = (Xo, A1) is said to be a rotation invariant Banach couple of
pseudolattices whenever the rotation map

{bn}nez = {€" bn}nez

is an isometry of Xj(B) onto itself for every real 7 and every Banach space B.
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Theorem

[I. Asekritova, N. Kruglyak and M. M.] Let X = (Xo, X1) be a couple of rotation
and translation invariant pseudolattices and let {Fy}gc(0,1) be a family of
interpolation functors given by Fy(Xo, X1) := (Xo, X1) 3 .o for any Banach couple
(Xo, X1). Suppose that Fy is regular functor and Fy(Xo, X1) = Fo(X§, X7) for any
Banach couple (Xo, X1). If T: (Xo, X1) — (Yo, Y1) is such that the operator

Tlf,. (o) Fo.(Xo, X1) = Fo.(Yo, Y1) is Fredholm.

Then there exists ¢ = (6., X') > 0 such that for any 0 € (0, — =,0, + =) the
operator

TlFy(X0.x0) Fo(Xo, X1) — Fo(Yo, Y1)

is also Fredholm and ind(T|g,(x,.x,)) = ind(T|r,, (x,x))-
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Theorem

[I. Asekritova, N. Kruglyak and M. M.] Let X = (X,, Xl) be a Banach couple of

translation invariant pseudolattices and let T : X = Y be an operator between
complex Banach couples. Assume that T: X . — Yy _ is invertible for some

se A Then T,: X w = Y is invertible for all w in an open neighbourhood

ofs in

A with )
= [26(s)(1 + HTHxﬁvllelﬂvﬂ X DI

where 6(s) = max {(|s| — 1)7*, (e — [s|)~*}. Moreover the following upper
estimate for the norm of T,, holds,

1T, x, <27y, x,. weW

X,s
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Theorem

[I. Asekritova, N. Kruglyak and M. M.] Let X = (X,, X;) be a couple of
translation and rotation invariant pseudolattices and let T : X — Y. Assume that
To. : XX o YX 0. is invertible for some 6, € (0,1). Then Ty: XX 0 — Y

is invertible for all 6 in an open neighbourhood | = {f € (0,1); |6 — 6. \ <e} of0
with

_ —1
e=[2en(0.) 1+ | Tlg vl T 1||Va o K. s

where n(6..) = max { (e’ — 1)1, (e — <) ~1}. Moreover T, 1 agrees with T9:1

on YoN Y1 and

Ikry g <21t o€l

il |
2] Y/\?’eg—> .00 ~ 0. Y/\;,eg* —>X)2,eg*’
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